
Classical Electrodynamics Part I (50 points) 
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1. [15 points] The potential generated by a dipole 𝑝⃗𝑝 is given as 

𝑉𝑉𝑑𝑑𝑑𝑑𝑑𝑑(𝑟𝑟, 𝜃𝜃) =
𝑝⃗𝑝 ⋅ 𝑟̂𝑟

4𝜋𝜋𝜖𝜖0 𝑟𝑟2
. 

Derive the electric field 𝐸𝐸�⃗  and write it in coordinate-free form. 
 

 

2. [15 points] A point charge q of mass m is released from a rest at a distance d from an infinite 

grounded conducting plane. How long will it take for the charge to hit the plane? 

 

 

3. [20 points] The electric potential of some configuration is given as: 

𝑉𝑉(𝑟𝑟) = 𝐴𝐴
exp[−𝜆𝜆 𝑟𝑟]

𝑟𝑟
, 

where A and 𝜆𝜆 are constants. Find the electric field 𝐸𝐸�⃗ (𝑟𝑟), the charge density 𝜌𝜌(𝑟𝑟), and the total 
charge Q.  

 



Classical Electrodynamics

Part II (50 points)

1. The Biot-Savart law reads

dB =
µ0

4π

Id~̀× r
|r|3

, (1)

where µ0 is the free-space permeability.

a. (5 points) Explain Eq. (1) briefly with a proper sketch.
b. (7 points) Consider a point charge Q moving at velocity v, as sketched in Fig. 1(a). Find the magnetic field B at

an arbitrary point P located at r relative to the point charge, using the Biot-Savart law (1). Express your result
in terms of the speed of light in vacuum, c = 1/

√
µ0ε0, where ε0 is the free-space permittivity, the electrostatic

field E due to the point charge Q, and the velocity v.
c. (8 points) Two point charges Q1 and Q2 move side by side at the same velocity in vacuum, as sketched in Fig.

1(b). Apply the result found in 1b to find the magnitude of the force between Q1 and Q2.

2. Consider a current density function J in free space; see Fig. 1(c). Complete the following tasks. Note that “primed”
and “unprimed” coordinates and differential operators should be clearly and carefully distinguished.

a. (4 points) Show that the magnetic field at position r due to J can be written as

B(r) =
µ0

4π

∫
J(r′)× r− r′

|r− r′|3
d3r′ , (2)

based on the Biot-Savart law (1).
b. (3 points) Prove

r− r′

|r− r′|3
=−~∇ 1

|r− r′|
and use it to show that Eq. (2) can be rewritten as

B(r) =
µ0

4π

~∇×
∫ J(r′)
|r− r′|

d3r′ . (3)

c. (3 points) Show that Eq. (3) is divergenceless, i.e., ~∇ ·B = 0.
d. (11 points) Calculate ~∇×B based on Eq. (3). Hint: There should be two terms left. Furthermore, the following

identities may be directly used:

~∇
1

|r− r′|
=−~∇′ 1

|r− r′|
∇

2 1
|r− r′|

=−4πδ (r− r′)

e. (3 points) Write down the equation of continuity, and explain it briefly.
f. (2 points) Apply the equation of continuity at steady-state to the result of 2d.
g. (4 points) Use the result of 2f to derive Ampère’s law.
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Figure 1: Sketches for (a) problem 1b, (b) problem 1c, and (c) problem 2a.



Qualifying Exam: Electrodynamics

Part 3: 50%

1. [20%] An electric field of an electromagnetic wave in free space has the following form:

E(r, t) = 10(êx + 2êy + Exêz) cos(ωt+ 3x− y − z) (V/m)

(a) [10%] Determine the direction of propagation and the values Ex and ω.

(b) [10%] What is the time-average energy flow?

2. [10%] A plane wave in free space propagating in the +z direction is

E = êx100 sin(ωt− kz) + êy200 cos(ωt− kz) (V/m)

The wave is incident on an infinite conducting xy plane at z = 0. What is the reflected

wave Er?

3. [10%] Let θi be the angle of incidence of a wave from a medium with index of refraction

n to a medium with n′. For the polarization of the wave perpendicular to the plane of

incidence, the reflection coefficient R reads:

R =
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,

while for polarization parallel to the plane of incidence, the coefficient reads:

R =

∣

∣
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∣

∣

n′ cos θi − n
√

1− (n/n′)2 sin2 θi

n′ cos θi + n
√
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∣
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.

(a) [5%] Determine Brewster’s angle θB for a total transmission of wave energy.

(b) [5%] Determine critical angle θC for a total internal reflection.

4. [10%] Let φ(r, t) be a scalar potential and A(r, t) a vector potential.

(a) [5%] Write down the electric field E(r, t) and magnetic fields B(r, t) in terms of

φ(r, t) and A(r, t).

(b) [5%] Write down the gauge transformation for φ(r, t) −→ φ′(r, t) and A(r, t) −→

A
′(r, t).





















Part III: (50 points)

(1) Electrons oscillate inside plasma under the static magnetic induction B⃗s = B0ẑ and a

plane EM wave, E⃗(t, x⃗) = E0(x̂ ± iŷ)e−iωt+ik⃗·x⃗. Assume that the wave length of the
EM wave is much smaller than a given electron’s oscillation. You might use following
notations (but unnecessarily use each of them) for completing questions: m: electron
mass; e: absolute value of electron charge; ω0: intrinsic angular frequency; γ: damping
constant; N : number per volume.

(a) Write down the equation of motion (5pts).

(b) Find a steady-state solution which means “ignoring homogeneous solutions” (10pts).

(c) Compute the polarization (5pts).

(d) Obtain permittivity (2pts).

(e) Is this medium isotropic (1pt)? Give reasons for your answer (2pts).

(2) A localized electric charge distribution produces an electrostatic field, E⃗ = −∇⃗Φ. In

this region, it also exists a small localized time-independent current density J⃗(x⃗), which

generates a magnetic field H⃗.

(a) Show that the momentum of these EM fields, P⃗ ≡
∫
d3x[D⃗×B⃗], can be transformed

to P⃗ = 1
c2

∫
d3xΦJ⃗ by dropping the surface term (5pts).

• NB: ϵijk( ∂
∂xjA)Bk = ϵijk ∂

∂xj [AB
k]− ϵijkA ∂

∂xjB
k

(b) Justify in which situation you can ignore the surface term in part (a) (2pts).

(c) Assuming that the current distribution is localized to a region small compared to

the scale of the variation of the electric field, that is, using Φ = Φ0 − E⃗0 · x⃗. Show
P⃗ = 1

c2
E⃗0 × m⃗, where m⃗ is a magnetic dipole moment (8pts).

• NB1: localized source =⇒
∫
d3xJ i(x⃗) = 0,

∫
d3x[xkJℓ(x⃗) + xℓJk(x⃗)] = 0

• NB2: ϵijkϵkℓm = δiℓδjm − δimδjℓ

(d) Suppose the current distribution is placed instead in a uniform electric field E⃗0 (fill-
ing all space). Show that the result in (c) is changed by a surface integral contribution,

yielding to P⃗ = 2
3c2

E⃗0 × m⃗ (10pts).

• NB:
∫
dΩ r̂i = 0,

∫
dΩ r̂ir̂j = 4π

3 δij



 
Electrodynamics (Part I: Electrostatics 50 points). 

 
1. (a) From the Green’s theorem (Green’s second identity):  
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where   and   are arbitrary scalar fields, show that the solution of a Dirichlet 
boundary-value problem is: 
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To do so, what are the required conditions to choose a suitable Green’s function 
GD? (8 points)  
 
(b) As shown in Fig. 1, the conducting hemi-spherical 
shell of radius a and the infinite conducting plane are 
grounded. A point charge q (q>0) is placed on the z axis 
and the distance from the charge to the center of the 
hemi sphere is D. 
 
(i) Find the positions and magnitudes of all image charges. (6 points)  
(ii)Write down the appropriate Green function  ', rrG

  for Dirichlet boundary 
value problems in the region z>0 and r>a. (5 points) 

  
2. As shown in Fig. 2, the surface charge density on a thin 

spherical shell with radius b is f’fcos2’. Find the 
electric potential inside (r<b) and outside (r>b) the spherical 
shell. (15 points) 

Legendre polynomials: Po(x) = 1; P1(x) = x;  

P2(x) = (3x2 – 1)/2; P3(x) = (5x3 – 3x)/2; …                                              

 
3. As shown in Fig. 3, charge Q was uniformly distributed on a 

spherical conductor surface (radius a). The conductor was 
surrounded by a dielectric shell of inner radius a and outer 
radius b. The electric permittivity of the linear dielectric is  

(a) Find the electric fields E


 at b>r>a and r>b. (6 points) 
(b) Find the polarization surface bound charges at r=a and r=b. (4 points) 
(c) Find the electric force per unit volume on the dielectric (Express your answer 

by using the position vector from the sphere center: r
 ). (6 points) 
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Part II: Magneto‐statics (50 points) 

1. 

 

 

2. 

 
 



Part III: Electromagnetic Waves (50 points)

(1) Use the Lorentz force law and Maxwell equations to work out the dimension
of the following quantities in terms of charge q, mass m, length ℓ and time t:
(a) electric displacement D⃗, (b) current density J⃗ , (c) magnetic field H⃗,

(d) electric field E⃗, (e) magnetic induction B⃗, (f) poynting vector S⃗,

(g) electromagnetic momentum D⃗ × B⃗, (h) Maxwell tress tensor Mij .
(2) Use the Lorentz force law and four Maxwell equations to point out

(a) how the quantities in (1) change under parity transformation x⃗ → x⃗′ = −x⃗;
(b)and how they change under time reversal t → t′ = −t.

(3) Use spatial rotation, parity and time reversal (a) to pick up allowed terms of

the following model for polarization ( c1, c2 are scalars; αij , βijk, γijk etc.
are tensors ):
1
ϵ0
P i = αijEj + βijkEjEk + γijkEjBk + δijkBjBk + c1(E⃗ × ˙⃗

B)i + c2(
¨⃗
E × B⃗)i .

(b) For the allowed terms, what are generic expressions for these tensors?

(4) (a) Obtain the 2nd order differential equation for magnetic induction B⃗(t, x⃗)

in medium with permeability µ and permittivity ϵ from ∇⃗ × H⃗ = J⃗ +
˙⃗
D and

∇⃗ × E⃗ +
˙⃗
B = 0 (assume medium is linear, isotropic and homogeneous).

(b) Show the sources, ρ(t, x⃗) = −θ(t) p⃗ · ∇⃗δ3(x⃗) and J⃗(t, x⃗) = p⃗ δ(t)δ3(x⃗), satisfy
current conservation. (c) Compute the magnetic induction with the sources

identified in (b) using retarded Green’s function
δ(t−t′−1

c ||x⃗−x⃗′||)
||x⃗−x⃗′||

.





Electrodynamics, Part I                       Qualifying Exam, March 24, 2017 

 

1. (10 Points) Assuming that the electric field intensity E(x,y,z) = 10xi +10yj +10 k (V/m), find the 

total electric charge contained inside a cubical volume of 20 cm on a side centered symmetrically at 

the origin. 

  

 

2. (15 Points) A point charge q is embedded at the center of a sphere of linear dielectric material 

(electric permittivity ε and radius a). (a) Find the electric displacement D, the electric field E, and 

the polarization P inside the sphere. (b) What is the polarization surface charge density? 

 

 

3. (10 Points) An electric dipole p with a magnitude of 2×10-27 C-m is initially located at an origin 

along the z-axis. (a) Determine the rotational torque on this dipole when an electric field                  

E = 5x + 10y (V/m) is applied. (b) How much energy changes if p finally points to the direction of 

E? 

 

4. (15 Points) A sphere with the dotted region of radius 2a has a uniform charge density ρo while the 

uniform charge density inside the small spherical part of radius a is 2ρo. Find the magnitude and 

direction of E field at the position P(a, a/2, 0).  
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Part Ⅱ (50 points) 

 
(1) A dielectric sphere of radius R with dielectric constant ε/ε0 placed in an initially 
uniform electric field, which at large distances from the sphere is directed along the z 
axis and has magnitude of E0, as shown below. Both inside and outside there are no 
free charges.   
(a) Find the electric potential and electric field everywhere. (15 points) 
(b) Calculate the induced polarization and surface charge density of the dielectric 
sphere. (10 points) 

 
(2) A long cylindrical conductor (of radius a) has an off-center cylindrical hole (of 
radius a/2) down its full length, as shown in the following figure. If a current I flows 
through the conductor into the page, show that  
(a) The volume current density flow through the conductor is  

 (5 points) 

(b) the strength and direction of the magnetic field in point A is  

 (10 points) 
(c) the strength and direction of the magnetic field in point B is  

 (10 points) 
(hint: using superposition principle and Ampere’s law) 

 



Part Ⅲ (50 points) 

 
(1) By using the Maxwell equations, the wave equations for the fields with given 
charge (ρ) and current (J) densities are described by (10 points) 

∇2𝐄 − 1
c2

∂2𝐄
∂t2

 = −1
ϵ0

(−𝛁ρ − 1
C2

∂𝐉
∂t

) 

∇2𝐁 − 1
c2

∂2𝐁
∂t2

=−𝜇0𝛁 ×J 

The electromagnetic fields for the above equations are (10 points) 

E(x,t)= 1
4πϵ0

∫d3 x′ � R
R3

[ρ(𝐱′, t′)]ret + 𝐑
cR2

�∂ρ(𝐱′,t′)
∂t′

�
ret

− 1
cR2

�∂𝐉(𝐱
′,t′)

∂t′
�
ret
� 

and 

B(x,t)=µ0
4π ∫d3 x′ �[J(𝐱′, t′)]ret × 𝐑

R3
+ �∂𝐉(𝐱

′,t′)
∂t′

�
ret

× 𝐑
cR2
� 

where R=𝐱 − 𝐱′ and R=|𝐱 − 𝐱′|. 
 
(2) The frequency-dependent dielectric constant ϵ(ω)/𝜖0 is an analytic function 
of ω in the upper half − plane. Show that its real and imaginary parts satisfy the 
Kramers-Kronig relations (15 points). 
 
(3) We consider the propagation of TM waves in a rectangular waveguide with 
length a and width b, as shown in Fig. 1. The metallic waveguide is filled with 
dielectric constant ϵ and permeability µ. Calculate the electromagnetic fields, 
the cutoff frequency, and the field energy per unit length (15 points). 
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